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Abstract: Integrable structure has played a very important role in the study of various
non-perturbative aspects of planar Aharony-Bergman-Jaeris-Maldacena (ABJM) theories.
In this paper, we showed that this remarkable structure survives after orbifold operation
with discrete group   < SU(4)RU(1)b. For general  (' Zn), we prove the integrability in
the scalar sector at the planar two-loop order and get the Bethe ansatz equations (BAEs).
The eigenvalues of the anomalous dimension matrix are also obtained. For   < SU(4), two-
loop all-sector and all-loop BAEs are proposed. Supersymmetric orbifolds are discussed in
this framework.
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1 Introduction
As a strong-weak duality, AdS/CFT correspondence [1]{[3] is very powerful in applications
which use weakly coupled gravity to study strongly coupled eld theory. However, this
makes the non-trivial checks of this correspondence very hard since one needs to compute

















the gravity side. Supersymmetric localization [4] and integrability [5] are two very im-
portant tools to perform such eld theoretical computations. These two approaches are
complemented by each other. Localization can be utilized beyond the planar limit but the
quantities which it can compute usually should be invariant under the supercharges on
which the localization based. When the integrable structure exists, we can compute some
quantities which are even non-supersymmetric. However, such theories are quite rare and
integrable structure usually only appears in the large N limit. These two tools also permit
us to compute certain quantities at the intermediate values of the coupling constant where
neither perturbative gauge theory nor weakly coupled gravity is applicable.
Both four-dimensional N = 4 super Yang-Mills (SYM) theory and three-dimensional
Aharony-Bergman-Jaeris-Maldacena (ABJM) theory [6] are integrable in the planar
limit [7]{[9]. It is very interesting to see how far one can go by reducing the supersymme-
tries of the original theory while keeping integrable structure at the same time. For four
dimensional case, people have explored a lot through at least three approaches including
marginal deformations [10]{[13], orbifolding [14]{[19] and adding avors [20]{[22]. Excel-
lent reviews on these results include [23, 24]. However in three-dimensional case, similar
exploration is limited. In [25], integrability of planar - and -deformed ABJM theories
were established at two-loop order in the scalar sector. The anomalous dimension matrices
can be expressed as a Hamiltonian acting on an alternative spin chain.1 The obtained
Hamiltonians have identical form for these theories in the scalar sector, though the for-
mer theory has only one deformation parameter, while the latter has three. Comparing
with the two-loop scalar-sector Hamiltonian from planar ABJM theory, now in each sum-
mand of the Hamiltonian for -deformed ABJM theory, the next-to-nearest permutation
term attains a certain phase depending on the charges of the three involved sites under
two global U(1)'s which are used to perform the -deformations. To obtain the needed
transfer matrices, we need to deform the four R-matrices by similar phase factors to sat-
isfy Yang-Baxter equations and produce the wanted Hamiltonian at the same time. This
deformation is of Drinfeld-Reshetikhin form. A double scaling limit of -deformed ABJM
theory was considered in [28, 29] which leads to an integrable theory of interacting fermions
and scalars following four-dimensional consideration in [30] (some subtleties of this limit
were also studied in [31]). This showed that integrable Chern-Simons-matter theories with
less supersymmetry can have new interesting feature. And as in four dimensional case [23],
in /-deformed and orbifold ABJM theories, states with single magnon can be physical
and detailed study on them may be simpler in many aspects than on the excited states in
ABJM theory where at least two magnons are needed.
In this paper, we will focus on integrability of planar orbifold ABJM theories. Orb-
ifolding is a widely used technique to obtain gauge theories from a parent one [32{34]. It is
carried out by starting with a discrete subgroup of the global symmetry group of the orig-
inal theory. One can get various quiver gauge theories with less supersymmetry based on
dierent discrete subgroups when the former one is supersymmetric. One of the advantages
1Notice that the -deformation studied in [25] is dierent from the one in [26]. The integrability of the

















of the orbifolding operation is that the obtained theories inherit some good properties of
the parent theory. In this paper, the parent theory is the ABJM theory [6] which is the low
energy eective theory on the worldvolume of N coincident M2-branes at the C4=Zk orb-
ifold singularity. The global (super)symmetry of ABJM theory is OSp(6j4)U(1)b, direct
product of a simple supergroup and a U(1) factor. This is distinct from the global sym-
metry of N = 4 SYM which is just a simple supergroup PSU(2; 2j4). In [35], two concrete
quiver gauge theories with the residual N = 4 supersymmetries (non-chiral orbifold) and
N = 2 supersymmetries (chiral orbifold) have been established through two dierent Zn
orbifoldings in ABJM eld theory. Other orbifold ABJM theories are discussed in [36{38].
In this paper, we only consider the case that   is isomorphic to Zn.
We start with planar two-loop order and focus on the scalar sector which is closed
at this order. We consider the generic case with   < SU(4)R  U(1)b. The composite
operators of the orbifold theory can be expressed compactly using the elds in the parent
ABJM theory with twist matrix inserted in the trace and with the projection condition
imposed on the elds in the parent theory . A straightforward computation shows that
only two terms of the Hamiltonian were twisted by some phase factors whose precise forms
depend on the charges of the involved sites under the action of  . To get transfer matrices
which can produce this new Hamiltonian, we only need to insert certain constant matrices
which act on the auxiliary spaces inside the traces. One can demonstrate that choosing
the inserted matrices to be diagonal will make the RTT relations hold. By suitable choices
of such matrices, we can produce the desired Hamiltonian. This completes the proof the
integrability of general orbifold ABJM theories at planar two loop order in the scalar
sector. Using algebraic Bethe ansatz, we nd the Bethe ansatz equations (BAEs) in this
sector at two-loop and give the constraints from the trace property and twist condition. The
eigenvalues of the anomalous dimension matrix (ADM) are expressed using the Bethe roots.
Then we concentrate on the case with   < SU(4)R and generalize the above results
to proposals for all-sector and all-loop order. The leading-order all-sector results can be
employed based on the prescription of Beisert-Roiban [16] after obtaining the charges for
each simple root of the superalgebra and the vacuum. The all-order asymptotic results
are obtained similarly based on all-loop asymptotic BAEs for planar ABJM theory [42].
As non-trivial consistency checks, we show that the BAEs we obtained satisfy both the
fermionic duality and dynamic duality conditions. Finally we analyse the condition on
the charges for the orbifolding to preserve N = 2 and N = 4 supersymmetries. We also
conrm these results by using the fact that the orbifold ABJM theory is the low energy
eective theory of N membranes placed at the orbifold singularity C4=(  Zj jk) [38].
The remaining part of this paper is organized as follows, in the next section and
section 3 we study in detail the integrability of orbifold ABJM theories in the scalar sector
at two loop level. In sections 4 and 5, we will obtain the two-loop all-sector and all-loop
results. Finally, we will discuss the supersymmetric orbifold theories. Some technical

















2 Two-loop Hamiltonian from orbifold ABJM theories
As mentioned in the introduction, in this section, we will consider orbifold based on group
 (' Zn) < SU(4)RU(1)b and focus on the scalar sector which is closed at two-loop order.
2.1 Basic ingredients of orbifolding in gauge theory
Now we will set up some necessary knowledge of orbifold gauge theory and our notation will
follow that of [16, 17] closely. We consider to perform orbifolding using discrete subgroup
  ' Zn of SU(4)R  U(1)b which means to start with ABJM theory with gauge group
U(nN)  U(nN) and impose the following projection condition on gauge elds and the
scalar elds
(g)A 1(g) = A; (2.1)






 1(g) = Y I ; (2.3)
where R(g) is a matrix representation of   acting on the indices I; J = 1    4 of Y I and







 1(g) =  I : (2.4)
Notice that when g = (g1; g2) 2 SU(4)R  U(1)b, we have R(g) = R(g1)R(g2) and R0(g) =
R0(g1)R0(g2) = R(g1)R(g 12 ), since  
I and Y I have opposite U(1)b charges. The resulting
theory is a quiver theory with gauge group U(N)2n. If the element g is the generator of
Zn, the matrix representation (g) will have the form
(g) = diag
 
INN ; !INN ;   !n 1INN

; ! = e
2i
n : (2.5)
For the sake of simplicity, we also require that the eld Y I has denite  (< SU(4)RU(1)b)
charge, then R(g) will take the diagonal form R(g)IJ = 
I
J!
sI and the constraint on the
eld Y I becomes
Y I = !sIY I 1: (2.6)
Here and the following by , we always mean (g).
By orbifolding, the eld Y I can be viewed as a n n matrix with elements also being
N N matrices and only some components will survive due to the condition (2.6). Then
the orbifold theory can be formulated in terms of those decomposed elds however the
action turns out to be quite complicated [14, 35]. In our paper, we will use the eld Y I in
the parent theory and focus on the following single trace operators,
Tr





; m = 0; 1;   n  1; L  2: (2.7)
Operators with the same m constitute the m-th twisted sector and m = 0 corresponds
to the untwisted sector. If we move one  to pass all the elds behind and use the cyclic

















operators will have the possibility to be non-vanishing only when this phase factor is trivial,













Furthermore, this local operator can also be seen as a closed alternating spin chain state
jOi = jm; I1; J1;    ; IL; JLi: (2.9)
2.2 Anomalous dimension matrix of composite operators in twisted sector
We now nd the anomalous dimensions for these gauge invariant scalar operators. An
important fact is that the operators belonging to dierent twisted sectors do not mix with
each other. Thus in the following discussions we will stay in a xed m-th twisted sector.
Before any further computations, let us recall that for parent ABJM theory, in the planar
limit and at 2-loop order, the anomalous dimension matrix   consists of local Hamiltonian












where  = N=k and P , K are the permutation and trace operators acting on the tensor
product of two vector spaces dened as










For the orbifold ABJM theories, the anomalous dimension matrix is obtained by expressing
local interaction terms H of ABJM theory in the operator basis (2.7). If m do not appear
in the interaction region, we get the same local Hamiltonian as the parent ABJM theory,





If m is present in the interaction region, we should move it away either to the left or to the
right for the convenience of solving the problem. In our case, the non-trivial interactions
only reside in the rst and the last two sites of the spin chain and the modied local
Hamiltonian are derived as follows. For the interactions among the (2L  1)-th,the 2L-th
and the 1st site, on one hand, we have,




mY J1 : (2.13)
where Horbi represents the orbifold Hamiltonian. On the other hand, we also have





































Similarly, when acting on the 2L-th ,the 1st and the 2nd sites, we shift the generator m























3 Algebraic Bethe ansatz of the orbifold ABJM model
The Hamiltonian derived above can be seen as a spin chain Hamiltonian with twisted
boundary conditions. In this section we will give an explicit construction to show the
integrability of this model and compute the eigenvalues of the Hamiltonian.
3.1 Integrability of orbifold ABJM Hamiltonian
In order to demonstrate the integrability, the starting object is the R-matrix which satisfy
the Yang-Baxter equation (YBE). For the orbifold ABJM theories, we use the same four
R-matrices as those dened in the case of period spin chain [8, 9],
Rab(u) = u  Pab : Va 
 Vb ! Va 
 Vb; (3.1)
Rab(u) = u  Pab : Va 
 Vb ! Va 
 Vb; (3.2)
Rab(u) = u+Kab : Va 
 Vb ! Va 
 Vb; (3.3)
Rab(u) = u+Kab : Va 
 Vb ! Va 
 Vb: (3.4)
where Vi and Vi denote the fundamental and anti-fundamental representation space of
SU(4) respectively. The R-matrices satisfy the following six YBEs [8, 9],
Rab(u  v)Rac(u)Rbc(v) = Rbc(v)Rac(u)Rab(u  v); (3.5)
Rab(u  v)Rac(u)Rbc(v) = Rbc(v)Rac(u)Rab(u  v); (3.6)
Rab(u  v)Rac(u)Rbc(v) = Rbc(v)Rac(u)Rab(u  v); (3.7)
Rab(u  v)Rac(u)Rbc(v) = Rbc(v)Rac(u)Rab(u  v); (3.8)
Rab(u  v   2)Rac(u)Rbc(v   2) = Rbc(v   2)Rac(u)Rab(u  v   2); (3.9)
Rab(u  v   2)Rac(u  2)Rbc(v) = Rbc(v)Rac(u  2)Rab(u  v   2): (3.10)
By the standard procedure, the next step is to construct the monodromy matrices using
these R-matrices, we have
T0(u) = M0R01(u)R01(u  2)R02(u)R02(u  2)   R0L(u)R0L(u  2); (3.11)

















where 0 and 0 refer to auxiliary spaces in the SU(4) fundamental and anti-fundamental
representations respectively. Comparing with the T-matrices for the periodic spin chain,
we modify them by inserting two additional matrices M and M in the auxiliary spaces
V0 and V0 so that they can generate the twisted boundary terms in equation (2.17) [39].
The precise form of these two matrices will be determined later by demanding that the
obtained Hamiltonian is the same as the one from the orbifold ABJM theories (up to an
overall constant factor and shifting by term proportional to identity operator). Here we
rst show that when M and M are diagonal, the obtained Hamiltonian is integrable. In
this case it is easy to show that









where the indices of M and M denote on which site they act. Therefore we have the
following important equations known as the RTT relations in the literature,
Rab(u  v)Ta(u)Tb(v) = Tb(v)Ta(u)Rab(u  v); (3.16)
Rab(u  v)Ta(u)Tb(v) = Tb(v)Ta(u)Rab(u  v); (3.17)
Rab(u  v   2)Ta(u)Tb(v) = Tb(v)Ta(u)Rab(u  v   2): (3.18)
By tracing over the auxiliary spaces of monodromy T-matrices, we obtain the transfer
matrices
(u) = Tr0T0(u); (u) = Tr0T0(u): (3.19)
Then the above RTT relations lead to
[(u); (v)] = 0; (3.20)
[(u); (v)] = 0; (3.21)
[(u); (v)] = 0: (3.22)
for arbitrary u and v. Expanding (u) and (u) in terms of u, we nd that the coecients
are mutually commuting and can be seen as the conserved charges. Of our interests is a
certain combination of these conserved quantities given below because they will correspond































After some computations ,we nd



























The details of the computations are put in the appendix A. We would like to know the
component forms of the boundary terms of the above Hamiltonian and for this purpose we














































































where mi and mi i = 1; 2; 3; 4 are the diagonal elements of M and M . Comparing these
results with the equations (2.15) and (2.16), one can x the matrices M and M as
M = diag (! ms1 ; ! ms2 ; ! ms3 ; ! ms4); (3.30)
M = diag (!ms1 ; !ms2 ; !ms3 ; !ms4): (3.31)
So our conclusion is that by inserting the above two diagonal matrices into the monodromy
matrices, we derived a Hamiltonian nearly the same as the one obtained in the eld theory
side only up to a shift of 3LI and an overall factor 2 which do not aect the integrability of
the model. This completes the proof of the integrability of planar orbifold ABJM theories
in the scalar sector at the two-loop order.
2We only demonstrate this convention for case when all indices are in the 4 representation. The con-

















3.2 Eigenvalues of spin chain Hamiltonian and Bethe ansatz equations
In this section we consider the diagonalisation of the corresponding transfer matrices. In
the seminal paper [40], the eigenstates of the Hamiltonian for a very general inhomogeneous
spin chain with dierent spin on each site were constructed by means of the nested algebraic
Bethe ansatz method. We nd the related results can also apply to our alternating spin
chain with twisted boundary conditions. However, here, we will use a much simpler method
to obtain the Bethe ansatz equations.3 First we select the ground state as
j
i = jm; 14    14i: (3.32)
which corresponds to the chiral primary operator Tr(m(Y 1Y y4 )




T1 B1  
C1 T2 B2 
 C2 T3 B3
  C3 T4
1CCCA (3.33)
For this selected vacuum, we nd the three super-diagonal elements B1 = T
1
2 ,B2 = T
2
3 ,B3 =
T 34 serve as the creation operators while the other three sub-diagonal ones C1 = T
2
1 ,C2 =
T 32 ,C3 = T
4
3 as the annihilation operators. They also correspond to the simple roots of
SU(4) Lie algebra.












where u1j = iuj + 1=2; u2k = irk + 1; u3n = ivn + 3=2 with 1  j  Ku; 1  k  Kr; 1 
n  Kv are three sets of Bethe roots. Then the eigenvalue of the transfer matrix (u) can
be found by using the commutation relations between Ti; i = 1; 2; 3; 4 and Bi; i = 1; 2; 3
originated from the eq. (3.16) by throwing the unwanted terms,
(u) = ! ms1(u  1)L(u  2)L
KuY
j=1
u  iuj + 12





u  iuj   32





































For the eigenvalue of (u), it can be found from the conjugation condition (u) = (2  
u) [8]
(u) = !ms1uL(u  1)L
KuY
j=1
u  iuj   52





u  iuj   12
u  iuj   32
KrY
k=1
u  irk   2
















The Bethe ansatz equations (BAEs) can be readily obtained by demanding that the residue









uj   uk + i
uj   uk   i
KrY
k=1
uj   rk   i=2




rj   rk + i
rj   rk   i
KuY
k=1
rj   uk   i=2
rj   uk + i=2
KvY
k=1
rj   vk   i=2









vj   vk + i
vj   vk   i
KrY
k=1
vj   rk   i=2
vj   rk + i=2 : (3.39)
The consistency of the theory guarantees that we could get the same sets of Bethe ansatz
equations from (u) instead, as one can easily check.
Now let us investigate the twist constraint for the excited state which is largely due to
















where a; b; cn; n = 1;    ; 2L represent the indices of the auxiliary space and in; jn; n =
1;    ; 2L are the indices of quantum spaces. If allocating each index i of Vi a phase si and
i0 of Vi0 a phase si0 with obvious relation si0 =  si0 , we nd the total phases are conserved





j ! sk + sl = si + sj ; (3.41)









i ! sk + sl = sk   sl = 0; (3.43)
si + sj = si   sj = 0:
Since the building blocks of the monodromy matrix are R-matrices which entirely consists

























So the net phase of the quantum space is sa   sb under the action of T ba . Note that the
phase of vacuum state is L(s1   s4), then the phase of the excited state (3.34) become
Ku(s2   s1) +Kr(s3   s2) +Kv(s4   s3) + L(s1   s4): (3.45)
Therefore the twist constraint turn out to be
1
n
(Ku(s2   s1) +Kr(s3   s2) +Kv(s4   s3) + L(s1   s4)) 2 Z: (3.46)
The shift operator and the corresponding total momentum are dened as




In the appendix B we will show that the shift operator acts trivially on physical state. Now


















which is the zero momentum condition for the twisted spin chain. As mentioned above, by
a shift of 3L and then multiplied by 2, we nd the energy of the spin chain which is dual























4 Orbifold Bethe ansatz
Having obtained the orbifold Bethe equations for SU(4) sector, now we go toward all-sector
results. From now on, we will restrict to the case with   < SU(4)R. The leading order
4










uj;k   uj0;k0 + i2Mj;j0











where J = 5 is the rank of the algebra osp(6j4), Mj;j0 is the symmetric Cartan matrix and
Vj are the Dynkin labels which specify the representation of spin sites. The distinguished
simple root system is
0 = f1   2; 2   1; 1   2; 2   3; 2 + 3g: (4.2)

















Figure 1. The distinguished Dynkin diagram of the algebra osp(6j4).
we label the simple roots as 1; 2; 3; 4; 4 in the given order above. For more details
for the algebra osp(6j4), see appendix C. As shown in gure 1,
Vj = (0; 0; 0; 1; 1): (4.3)






Sj;j0(uj;k; uj0;k0) = 1; (4.4)
with
Sj;j0 =
uj;k   uj0;k0 + i2Mj;j0
uj;k   uj0;k0   i2Mj;j0







; S0;0 = 1; K0 = L:
(4.5)
4.1 Orbifolding the Bethe ansatz
The leading order orbifold Bethe ansatz equations has the general form [16] (in the twist












uj;k   uj0;k0 + i2Mj;j0















e 2iKj0qj0=n = 1: (4.8)
Where the qj ; j = 1; 2; 3; 4; 4 are the SU(4) charges of simple roots under orbifolding, and
q0 is the charge of vacuum. In the distinguished simple root system, the charges are,

















with t1; t2; t3 integers. The q is related the charges sI by
sI =(t2; t1 t2; t1+t3; t3) ; q0 =s4 s1; q2 = s1 s2; q3 =s2 s3; q4 =s1 s2; q4 =s3 s4:
(4.10)
If we restrict to the scalar sector, one can recover the eqs. (3.37){(3.39) from (4.6), the
eq. (4.8) is equivalent to the twist constraint (3.45) and eq. (4.7) is the zero momentum
condition (3.48).















It is useful to represent the twist eld  by a new type of quasi-excitation j =  1, with
excited number K 1 = m. The phase shift
Sj; 1 = 1=S 1;j = exp(2iqj=n); j = 0; : : : J; S 1; 1 = 1: (4.12)







Sj;j0(uj;k; uj0;k0) = 1: (4.13)
We now consider a simple example in the SU(2)  SU(2) sector at two loops to verify our
orbifold Bethe ansatz. The SU(2)  SU(2) sector is made of the elementary excitations
(Y 2jY y3 ) on the even and odd sites above the vacuum Tr((Y 1Y y4 )L), and it is closed at any
order [44, 45]. At leading order of ABJM theory, the Hamiltonian reduces to the sum of
two decoupled Heisenberg XXX1=2 Hamiltonians, one acting on the even sites and the





In orbifold case, the l-th term in the Hamiltonian is the same as above for 1  l  2L  2,
and the 2L   1-th term and the 2L-th term are multiplied by the phases indicated in
eqs. (2.15) and (2.16), respectively. We consider two excitations above the \twist vacuum"
Tr(m(Y 1Y y4 )
L), one on the even sites and another on the odd sites. The obtained operators
are Tr(m(Y 2Y y3 )(Y
1Y y4 )
L 1) and the ones with permutations among even sites and odd
sites independently. For the above operator to be non-vanishing, the twist constraint
m[(L  1)(s4   s1)  s2 + s3]
n
2 Z; (4.15)
must be imposed. For concreteness, we take L = 3. In the basis,
O1 =Tr(mY 2Y y3 Y 1Y y4 Y 1Y y4 );O2 =Tr(mY 2Y y4 Y 1Y y3 Y 1Y y4 );O3 =Tr(mY 2Y y4 Y 1Y y4 Y 1Y y3 ):
(4.16)

















The Hamiltonian takes the form,
H = 2
0B@ 4  (1 + ! mq0)  !mq4(1 + !mq0) (1 + !mq0) 4  (1 + ! mq0)
 ! mq4(1 + ! mq0)  (1 + !mq0) 4
1CA : (4.17)
To write the Hamiltonian in a compact form, we have used the eq. (4.10). With the aid of



















; k = 0; 1; 2: (4.18)
Let's compute it using our orbifold Bethe ansatz equations. In the above simple case L = 3,
















However, these three equations are not independent if we impose the twist constraint
m(3q0 + q4 + q4)
n
2 Z: (4.22)




















































We want to generalize our orbifold Bethe equations to higher loops. Firstly, we know the




u1;k   u2;j + i2













u2;k   u2;j   i
u2;k   u2;j + i
K1Y
j=1
u2;k   u1;j + i2
u2;k   u1;j   i2
K3Y
j=1
u2;k   u3;j + i2





u3;k   u2;j + i2
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u4;k   u4;j + i




































Note that the eqs. (5.1) still have the form of eq. (4.4) except that one uses the rapidities
xj;k instead of uj;k and the scattering phases Sj;j0(xj;k; xj0;k0) between the various Bethe
roots are modied to accommodate the higher-loop interactions.
Unlike the leading order Bethe equations, not all simple root systems are possible for
writing down higher loops Bethe ansatz equations. One of the possible Dynkin diagrams
is shown in gure 2. Another possible \Higher" Dynkin diagram is given by performing
Weyl reections with respect to the 1st and the 3rd simple roots in succession, and the
result is the diagram on the right side in gure 3. See appendix C for details. The two
corresponding all loop Bethe equations are mapped to each other by \fermionic duality"
which is consistent with odd Weyl reection. The all loop Bethe equations has another
\dynamic transformation" symmetry which transform the Bethe roots of type 1 into type
3 and change the spin chain length [43]. We will prove these two dualities after we give the
all-order Bethe ansatz equations. The study of fermionic duality makes sure that these two

















Figure 2. The \higher" Dynkin diagram for AdS4=CFT3.
Figure 3. Two choice of Dynkin daigrams for higher loops Bethe equations.
to identify simple root systems which can be used at all loop level. The valid of dynamic
duality admits the dynamical nature of the higher loop BAEs which takes into the fact
that some operators with dierent length can mix with each other at higher loop level.
5.1 The all loop orbifold Bethe equations and dualites
5.1.1 The all loop orbifold Bethe equations






  1 +   1 + 
   1 +  1 + 
1CCCCCA (5.3)
and the charges for  = +1,
q+ = ( t2   t3jt1; 0; t1   t2   t3; t1 + 2t2; t1 + 2t3); (5.4)
for  =  1,
q  = ( t2   t3j   t1; 2t1   t2   t3; t1 + t2 + t3; t2   t3; t2 + t3): (5.5)


























Then we begin with the distinguished simple root system (4.2). First we apply w2 and
give
w2(
0) = f1   1; 2 + 1; 2   2; 2   3; 2 + 3g; (5.7)
then apply another w1 with 1 being the rst simple root 1   1 in new basis
w1(w2(
0)) = f 1 + 1; 1   2; 2   2; 2   3; 2 + 3g: (5.8)
Now we get the \higher" simple root system with the Dynkin diagram shown in the gure 2.
The original three SO(6) simple roots 1   2; 2   3; 2 + 3 can be found in this basis as
1   2 = 1 + 2 + 3;
2   3 = 4;
2 + 3 = 4:
(5.9)
Now, adding the rst and two rows in eq. (5.6) to the third one, and multiplying the
obtained matrix from the right to (0; 0; t1; t2; t3), we get
(q1; q2; q3; q4; q4) = (t1; 0; t1   t2   t3; t1 + 2t2; t1 + 2t3): (5.10)
and the non-vanishing Dynkin labels are the same with the distinguished simple root system
because we have merely dualized the rst and the second simple root. Also because of this,

















q+0   2q+3 = q+2   q 2 : (5.13)
q+1 + q
 
1 = 0: (5.14)
q+3 + q
 























u1;k   u2;j + i2















u2;k   u2;j   i
u2;k   u2;j + i
K1Y
j=1
u2;k   u1;j + i2
u2;k   u1;j   i2
K3Y
j=1
u2;k   u3;j + i2







u3;k   u2;j + i2








































































BES(x4;k; x4;j) : (5.16)













and the twist condition (4.8) Here BES is the BES kernel for ABJM theory whose concrete






































and h() is an interpolating function [44{47] and it also replaces
p
=(4) appearing in the
BES kernel for 4d N = 4 Super Yang-Mills theory. We have the following relations,
uk   uj = h()(xk   xj)(1  1=xkxj) = h()(xk   xj )(1  1=xk xj ) ;
uk   uj  i
2
= h()(xk   xj)(1  1=xk xj) = h()(xk   xj )(1  1=xkxj ) ;
uk   uj  i = h()(xk   xj )(1  1=xk xj ) :
(5.20)
























u3;k   u2;j + i2










We now transform one type 3 root 1=x3;k ! x1;k. For this transformation, u3;k ! u1;k,
and one of the x3 equations transforms as,
K2Y
j=1
u1;k   u2;j + i2















3 =n : (5.22)





















where the relation (5.11) has been used. We recognize that this is the equation for x1 with
the same grading. Under this transformation, the scattering phases in x4 and x4 equations







































BES(x4;k; x4;j) ; (5.25)
thus with this transformation in addition to the following replacements which is called
dynamic transformation,
K3 ! K3   1;K1 ! K1 + 1; L! L+  : (5.26)
the all loop Bethe eqs. (5.1) remain invariant with the same grading. The momentum
conservation condition and the expression for the total energy are not changed under the
dynamic duality.
This dynamic duality is closely related to properties of the all-loop S-matrix. We only
demonstrate this for grading  = 1. In fact, for the ABJM case, the needed property is

















for x1x3 = 1. This can be checked directly. We only give the proof for the case with




















The case for j = 4 is similar. For the orbifold theories, we need the relation (5.27) holds
for j =  1 as well. This is the case because q+3 = t1   t2   t3 = q+1 + q+0 .
5.1.3 The fermionic duality
We now prove that two choices of grading in (5.16) are equivalent based on some fermionic
duality. In order to investigate this duality of the eqs. (5.16), we rewrite the equation of



















3 =n : (5.30)
We further introduce the following polynomial P (x),





























Obviously there already exists K3 +K1 roots of P (x),
P (x3;k) = 0; k = 1; : : : ;K3; P (1=x1;k) = 0; k = 1; : : : ;K1 : (5.32)














(x  1=~x1;j) ; (5.33)
where
~K3 = K2 +K4 +K4  K3; ~K1 = K2  K1 : (5.34)
































































































































Thus the equation for x4 in the grading  = +1 is equivalent to one in the grading  =  1
and similar calculations can be done to show the equivalence of two gradings for x4 equation.
It still remains to prove the equivalence for other equations. For this purpose, we calculate
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u2;k   u2;j   i
u2;k   u2;j + i
K1Y
j=1
u2;k   u1;j + i2
u2;k   u1;j   i2
K3Y
j=1
u2;k   u3;j + i2






u2;k   u2;j + i
u2;k   u2;j   i
~K1Y
j=1
u2;k   ~u1;j   i2
u2;k   ~u1;j + i2
~K3Y
j=1
u2;k   ~u3;j   i2
u2;k   ~u3;j + i2
:
(5.39)
which proves the equivalence of two gradings of the type 2 equation. From eq. (5.33), we
know that P (~x3;k) = P (1=~x1;k) = 0. While substituting back to (5.31), we nd ~x3; ~x1 satisfy
the same equation as x3; x1. Now ip the fractions in the ~x3 and ~x1 equations, while using

















have proved that (5.1) are equivalent for the two choices of grading. Because q+0 = q
 
0 , the
momentum conservation condition and the expression for the total energy are not changed
under the fermionic duality as well. Notice that the relations among charges (5.11){(5.15)
play important roles in the verication of fermionic duality and dynamics duality. These
relations are automatically satised by the charges calculated from the Cartan matrices,
instead of imposing by hands in the twisted Bethe ansatz equations studied in [48]. In this
sense, the check of these two duality for orbifold ABJM theories is a non-trivial check of
these all loop BAEs, especially the computations of these charges.
5.2 Two applications
As an application, we now compare our results with the all-loop BAE equations for the -
deformed ABJM theory [27]. For  = 1 grading, the phase factors appearing in eqs. (5.17)
and (5.16)
 2iq+m=n = (2i(t2 + t3)m=nj   2it1m=n; 0; 2i(t1   t2   t3)m=n;
 2i( t1 + 2t2)m=n; 2i( t1 + 2t3)m=n); (5.40)
are replaced by
( i(K4  K4)j0; 0; i(K4  K4); i(K3   2K4 + L); i(K3   2K4 + L)): (5.41)
It is easy to see that if
t1 = 0; (5.42)
t2 =   n
4m




(K3   2K4 + L); (5.44)
these two groups of phases are the same. This means if these conditions are satised,
the all-loop BAEs (for  = 1 grading) for orbifold ABJM theories and -deformed ABJM
theory coincide for states with these excitation numbers. Notice here  should be a rational
number and t1 should vanish. As will be discussed in the next section, t1 = 0 is the
condition for the orbifold theory to have at least N = 2 supersymmetry. This condition is
not surprising since the -deformed ABJM theory is N = 2 supersymmetric [26].
We now turn to relation between cusp anomalous dimension in orbifold ABJM theories
and orbifold N = 4 SYM theories. As in [42], we start with grading  =  1 and focus
on the solutions to all loop BAEs with only non-vanishing roots u4;k = u4;k. Then the
consistency of the BAEs leads to q 4 = q
 
4
. However from eq. (5.5), we have already
q 4 = t2   t3 =  q 4 . Then we are restricted to the case with q 4 = q 4 = 0. We also
demand the phase in the zero momentum condition is trivial,
exp(2imq 0 =n) = 1: (5.45)
The above conditions leads to

















As for the orbifold SYM side with sl(2) grading (corresponding to 1 = 2 =  1 in [49]),
the phase for the momentum-carrying node is automatically zero (see eq. (3.15) of [50]).
The triviality of the phase in the zero momentum condition gives
exp(2imtSYM2 =n) = 1; (5.47)
where tSYM2 is one of the parameters appearing in the orbifold SYM theory. Under the







as the one obtained in [42], under the assumption that wrapping contributions for twist
operators are still subleading in the large spin limit with twist being nite.
6 Supersymmetric orbifold theories
Let us nally discuss the supersymmetric orbifold theories. Based on the results in previous
sections, all we need is to determine the ti's (or equivalently q's in the distinguished simple
root system) which are compatible with certain number of supersymmetries. Here we
follow the argument of [16]. We also check the result by determining the spinors of SO(8)
preserved by the orbifolding.
6.1 N = 2 orbifolds
To get an N = 2 theory, we need at least one fermionic (odd) generator commuting with
the orbifold action. For example, when considering E2 corresponding to the only odd
simple root 2 =  1 + 2 in the distinguished simple root system, this is equivalent to
set q2 =  t1 = 0. We now demonstrate that this is enough.   can be naturally embedded
into a U(1) subgroup of OSp(6j4). Denote the generator of this U(1) as P, we have that
Py = P. q2 = 0 means [E 1+2 ;P] = 0. Then [E1 2 ;P] = 0, as (E 1+2)y = E1 2 .
Note that E1 2 locates in the rst line of weight diagram in gure 4, and E 1+2 locates
in the last line. By using Sp(4) invariance,6 we obtain that all generators in these two lines
commute with P, then we get an N = 2 theory with the charges,
q = ( t2   t3j0; 0; t2   t3; 2t2; 2t3): (6.1)
We can also get the charges of 4 of SO(6) as (t2; t2; t3; t3), where t2; t3 are arbitrary
integers except ones satisfying t2  t3 = 0, because such t1; t2 will give N = 4 su-
persymmetries, as we will show below. This includes the chiral orbifold theory in [35]
as a special case. We further demonstrate this method is indeed correct by counting
the spinors of SO(8) preserved by the orbifold. Notice that the orbifold ABJM the-
ory is the low energy eective theory of N coincident M2-branes at C4=(   Zj jk) orb-
ifold singularity where j j is the order of   and Zj jk acts as overall phase rotations of
6Precisely speaking, this Sp(4) is in fact Sp(2; 2) which is the double cover of SO(2; 3), conformal group

















the four complex coordinates [38]. Under the action of the generator of nite group  
as (Y 1; Y 2; Y 3; Y 4) ! (!t2Y 1; ! t2Y 2; !t3Y 3; ! t3Y 4), the SO(8) spinor transforms like
! !(s1t2 s2t2+s3t3 s4t3), where s1;2;3;4 = 1=2. The equation
s1t2   s2t2 + s3t3   s4t3 2 nZ (6.2)
subject to
s1 + s2 + s3 + s4 2 kj jZ (6.3)
has exact two solutions
(s1; s2; s3; s4) = (1=2; 1=2; 1=2; 1=2); (6.4)
for generic t2; t3 and n, and this demonstrates our conclusion above.
7
6.2 N = 4 orbifold
From the above example, we note supersymmetric orbifold ABJM theories always preserve
an N = even supersymmetry as an consequence of the special structure of osp(6j4) algebra
while which is not the case in orbifolds of N = 4 SYM theory. This results can be
conrmed by spinor counting. If (s1; s2; s3; s4) satises the projection condition, so does
( s1; s2; s3; s4). We now consider N = 4 orbifold. To nd the conditions, without loss
of generality we can rst demand q2 =  t1 = 0, then further demand q3 = 2t1   t2   t3 =





;P] = 0, this is [E 2+2 ;P] = 0 and according to the argument in N = 2
case, we further have [E1 2 ;P] = 0 and [E2 2 ;P] = 0, together with the Sp(4) symmetry
we get an N = 4 theory. Solving these constraints including q2 =  t1 = 0, we nd
q = (0j0; 0; 0; 2t2; 2t2), with the charges of 4 as (t2; t2; t2; t2). Using the spinor counting
method we can also demonstrate our conclusion is correct.
7 Discussions
In this paper, we studied the integrability of planar orbifold ABJM theories. We rst carried
out perturbative computations of ADM in the scalar sector at two-loop order. We found
that in the corresponding spin chain Hamiltonian, only two terms are deformed by certain
phases. This deformation can be expressed in terms of twisted boundary condition. By
inserting certain diagonal matrices inside the transfer matrices, we proved the integrability
of this Hamiltonian. BAEs and eigenvalues of ADM were obtained through algebraic
Bethe ansatz method. Restricting   to be inside SU(4)R, we obtained the all-loop all-
sector BAEs which pass some non-trivial consistency checks. There are several interesting
directions worth pursuing. One of them is that to explore all-loop BAEs for general   in
SU(4)R  U(1)b. This study is beyond the framework of Beisert-Roiban [16] since U(1)b
does not correspond to a node in the Dynkin diagram used for BAEs. To obtain some hints
for the structure of the result, it may be helpful to rst perturbatively compute the ADM of

















composite operators involving fermions as the computation in ABJM theory [51]. It is also
interesting to nd some solutions in the thermodynamical limit and study their holographic
dual in term of semi-classical string/membrane solutions in the dual string/M theories.
Supersymmetric condition for the orbifold was studied in this framework of integrabil-
ity. The obtained condition is consistent with the result that orbifold ABJM theory is the
low energy eective theory of N membranes put at C4=( Zj jk) [38]. However the study
in the integrability side seems only give condition for Zn orbifolds which is N = 2 or N = 4
simultaneously for all n. Let us consider the following examples taken from [36]. Take n to
be even. The cases with (t1; t2; t3; t4) = (n=2; n=2; ( 1)ln; 0); l = 0; 1 is N = 2 supersym-
metric and the case with (t1; t2; t3; t4) = (n=2; n=2; ( 1)ln; 0); l = 0; 1 is N = 4 super-
symmetric. The preserved supersymmetries can be easily obtained by counting the SO(8)
spinors preserved by the orbifolds. Also notice that all these cases satisfy   < SU(4)R.
We speculate that these cases do not appear in the analysis of supersymmetric orbifold
here because they only appear for even n, not for all integer n. It is still interesting to see
whether we can probe such cases through some renements of the studies here. We leave
this and directions mentioned previously as suggestions for further studies.
Acknowledgments
It is our great pleasure to thank Bin Chen, Jun-Peng Cao, Jian-Xin Lu, Wei Song, Yu-Peng
Wang, Gang Yang, Wen-Li Yang, Konstantinos Zoubos for very helpful discussions. We
would like to express our special thanks to the anonymous referees for valuable sugges-
tions to improve the paper. JW would also like to thank the participants of the advanced
workshop \Dark Energy and Fundamental Theory" supported by the Special Fund for The-
oretical Physics from NSFC with Grant No. 11447613 for stimulating discussion. We thank
Institute of Modern Physics, Northwest University and School of Physics and Astronomy,
Sun Yat-Sen University for hospitality in visits during this project. This work was in part
supported by NSFC Grant No. 11575202(NB, HHC, DSL, JW), No. 11475116(XCD) and
No. 11222549 (NB, HHC, DSL, JW). JW also gratefully acknowledges the support of
K. C. Wong Education Foundation.
A Hamiltonian of the twisted spin chain
In this appendix, we give the detailed derivation of eq. (3.26). We employ a new set of
indices i = 1; 2;    ; 2L to relabel the quantum spaces of the alternating spin chain. Then
the monodromy matrices in eqs. (3.11) and (3.12) are rewritten as
T0(u) = M0R01(u)R02(u  2)R03(u)R04(u  2)   R0;2L 1(u)R0;2L(u  2); (A.1)

















At the special point u = 0, the transfer matrices become
(0) = Tr0( )LM0P01( 2 +K02)   P0;2L 1( 2 +K0;2L) (A.3)





(0) = Tr0( )L M0( 2 +K01)P02    ( 2 +K0;2L 1)P0;2L (A.4)


































































































where we use i,i,i=1,   4 to label each part in eq. (A.5) and (A.6) for the convenience






















3 = ( )L 1( 2 +K12)
L 1Y
j=2
P1;2j 1( 2 +K1;2j)( 2 +K1;2L)M1; (A.8)

















































































4 = ( )L M2L
L 1Y
j=1














































































































So it turns out that the nearest neighbor interactions still cancels even for the twisted spin
chain. Finally, by adding up eqs. (A.10){(A.13) and (A.18){(A.21), we get the Hamiltonian
in eq. (3.26).
B Zero momentum condition
We change the transfer matrices into a form much easier for us to compute by means of
permutation operators.
(0) = ( )LTr0M0P01( 2 +K02)   P0;2L 1( 2 +K0;2L) (B.1)









(0) = ( )LTr0 M0( 2 +K01)P02    ( 2 +K0;2L 1)P0;2L
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   I2L 1J2L 3 bJ2L 1 : (B.5)
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(0)(0) = I: (B.9)
C The osp(6j4) algebra
According to Kac's classication of Lie superalgebra, the osp(6j4) belongs to D(3; 2) basic
Lie superalgebra,

















The 0; 1 refer to the Z2 grading, and the 6;4 means that the odd part generators G1 are
in the 6 and 4 representations of the even part G0, i.e. in the 6 of so(6) and 4 of sp(4).
The total 24 odd generators are presented on the gure 4, where we denote E as the
generators of the algebra, for  2 .
The rank of the osp(6j4) algebra is 5, and the root system is
0 = f1  2;2  3;21;22;1  2g; (C.2)
1 = f1  1;2  1;3  1;1  2;2  2;3  2g: (C.3)
where 1;2; 1;2;3 are two basis satisfy (i; j) =  ij , (i; j) = ij , (i; j) = 0. The
distinguished simple root system is
0 = f1   2; 2   1; 1   2; 2   3; 2 + 3g: (C.4)
we label the simple roots as 1; 2; 3; 4; 4 in above giving order. The distinguished
simple root system has exactly one odd root, other possible simple root systems can be
obtained by odd Weyl reections. For our purpose, the symmetric Cartan matrix is more
useful than the asymmetric denitions and is dened by,
Mjj0 = (i; j0): (C.5)









C.1 Odd Weyl reections
We know that Dynkin diagram is not unique for simple Lie superalgebra. We extend the
ordinary Weyl reections (reections with respect to even roots),
w =    2(; )
(; )
; (C.7)
for  2 ;  2 0, to include the case with respect to odd roots as well,
w =    2(; )
(; )
; if (; ) 6= 0;
w =  + ; if (; ) = 0 and (; ) 6= 0;























































































E 1+2 E 1+1 E 2 1 E 2 2
Figure 4. The weight diagram for G1, where the four vertical weight sub-diagram are the weight
diagram 6 of so(6), while themselves are in the 4 of sp(4) which correspond to the horizontal
sub-diagram.
Begin with the distinguished simple root system, using the odd root Weyl reections upon
each root, we get a new simple root system and this procedure goes on and on. Here we
give some examples. The distinguished simple root system of osp(6j4) is
0 = f1   2; 2   1; 1   2; 2   3; 2 + 3g: (C.9)
Applying the Weyl reection with respect to the second simple root, we get
w2 1(
0) = f1   1; 2 + 1; 2   2; 2   3; 2 + 3g: (C.10)
Other examples are
w1 1(w2 1(


















0)) = f1   1; 1   2; 2 + 2; 2   3; 2 + 3g; (C.12)
w2 2(w1 1(w2 1(
0))) = f 1 + 1; 1   2; 2 + 2; 2   3; 2 + 3g; (C.13)
w2+3(w2 2(w2 1(
0))) = f1   1; 1   2; 3 + 2; 2   3; 22g: (C.14)
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